To assess rotational deformity in a broken forearm, an orthopaedic surgeon needs to determine the amount of rotation of the radius from one or more two-dimensional x-rays of the fracture. This requires only simple first-year university mathematics -rotational transformations of ellipses plus a little differential calculus -which yields a general formula giving the rotation angle from information obtained from an x-ray. Preliminary comparisons with experimental results are excellent. This is a practical problem that may be useful to motivate the teaching of conic sections.
Problem description
The human forearm contains two bones, the ulna and the radius. The radius rotates about the ulna and governs rotational movement of the forearm [2] . Starting with the hand in a vertical position, thumb pointing up, the normal rotational range is 80°o utwards in supination (palm up) and 80° inwards in pronation (palm down) giving a total of 160° [1] . Most fractures of the radius occur in the distal radius, that is, the lower part, above the wrist. The two segments may become misaligned due to rotation and/or translation; here we focus on rotational deformity which effectively reduces the range of rotational movement of the forearm and hand in one direction. A loss of up to 30° in supination or pronation can be tolerated while maintaining sufficient functionality to carry out normal activities [1] but the acceptable deformation may be less for specific individuals.
Thus an orthopaedic surgeon must assess the degree and effect of rotational deformity in a radial fracture so as to determine whether corrective surgery is warranted. This must be determined from one or more two-dimensional images of the break 562 Y. M. Stokes [2] obtained by x-ray. Note that the amount of translational deformity is just the misalignment of the axes of the two segments and is directly measurable on x-ray images. The rotational deformity is more difficult to determine; it must be computed from the measured difference in width of the two bone segments at the break position (see Figures 1 and 2) , with the direction of rotation (supination or pronation) determined from the external appearance of the hand and arm. Sectioning of the distal radius shows it to be roughly elliptical in cross-section so that, by considering rotational transformations of ellipses, we may obtain an approximate formula relating the ratio of the widths of the two segments of a fractured radius as seen on an x-ray of the fracture, to the angle of rotation. A request by an orthopaedic surgeon [1] for such a formula prompted this work. It requires no more than first-year university mathematics and is an interesting and easily comprehensible practical problem that might be useful to motivate the teaching of conic sections and their transformations (as, for example, in Mathematics I Algebra at the University of Adelaide).
Solution
For practical purposes we may assume that the angle of rotation will be between -7r/2 and n/2. Then, for an ellipse with known major axis £ = 2a and minor axis w = 2b, we must find the angle of rotation 9 given the ratio r = W/w (or p = L/t) determined from an x-ray of a break (see Figures 1 and 2) .
Let the coordinate system be as shown in Figure 3 To find the width W of the rotated ellipse we simply find the y -coordinates of the points at which dy/dx = 0. Differentiating (2.1) with respect to x gives from which we obtain For the angle of rotation -n/2 < 9 < n/2 given r, a and b, we rearrange (2.3) to give
choosing the sign of 9 in accordance with the external evidence.
If it is preferable to determine £ and L from an x-ray and so obtain the ratio p = L/l instead of r = W/w, then we can simply interchange a and b in (2.3) to give an equation for p and, similarly, we may interchange a and b and substitute p for r in (2.4) to obtain an expression for the angle of rotation 9.
Comparison with experiment
X-rays of a fractured forearm are taken with the arm in either full supination or full pronation, in which positions it is assumed that the major axis of the radius above the break is horizontal. Then in each of these two positions an x-ray may be taken from two different directions to give two different views: the lateral view which shows the ratio r = w/ W, or the antero-posterior (AP) view which shows the ratio p = £/L. Experimental data has been obtained for each of these four possible combinations of arm position/x-ray view for a fractured radius of aspect ratio a/b = 1.36 [1] . available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S144618110001292X
[5]
Determining rotational deformity in broken forearms 565 Table 1 gives the correspondence between the angle of rotation and the ratio r = W/w for lateral x-rays with the arm in supination and pronation. For a given experimental rotation 6 e (Column 1) the ratio r computed by (2.3) is given in Column 2. Columns 3 and 4 give r as determined from x-rays taken with the arm in supination and pronation. These values show good correspondence with the computed value of r. The values of r determined from x-rays may then be used in (2.4) to compute the rotation angle 6 as given in Columns 5 and 6 -which, in practice, is the derived information of primary importance. An indication of the usefulness of the elliptic approximation is obtained by comparing these angles against 6 e in Column 1. The comparison is best shown graphically as in Figure 4 where the relation (2.4) between r and 6 is shown as a solid curve and the experimental (r, 6) data are plotted as points. Table 2 gives similar information to that in Table 1 but for AP x-rays while Figure 5 available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S144618110001292X
[6] graphically shows the comparison between theory and experiment. While there is a need for comparison with much more data before drawing any definitive conclusions as to how the equations yielded by an elliptic approximation to the radius cross-section might be used by an orthopaedic surgeon, they are certainly in good agreement with the data presented. With a sufficiently good estimate of the aspect ratio of the bone (a/b), a single x-ray might be sufficient for an initial assessment of the degree of rotation. If this should indicate a rotation well under or well above the critical point of functional impairment the desirability of corrective surgery would be easily established.
For borderline cases (say with a rotation of around 30 ± 5°) further x-rays giving different views of the break could be taken and computed rotation angles averaged as shown in Table 3 . Column 2 of this table gives, for each 8 e and for the arm in supination, the arithmetic mean of the rotation angles determined from lateral and AP x-rays (Column 5 of Tables 1 and 2) . Column 3 gives the same average, but for the arm in pronation (Column 6 of Tables 1 and 2) . Column 4 gives 0 as the arithmetic mean of all four computed angles determined from lateral and AP x-rays with the arm in supination and pronation. The angle so determined compares exceedingly well with the experimental rotation 6 e , as seen in Figure 6 . Only for 0 t = 80° do we obtain an average of the four computed rotation angles that is uncharacteristic in having an inaccuracy of 3° while all other results are accurate to within 1°. This may indicate some error in the experimental setup and measurement rather than inaccuracy due to Table 3 ).
non-ellipticity of the bone cross-section. In any case, any rotation above 50° must be in the range of essential corrective surgery.
Conclusion
Formulae relating rotation angle and the ratio of widths seen in a two-dimensional side view of rotated and unrotated ellipses have been obtained and applied to the problem of determining rotation of the radius in a forearm fracture. Initial comparisons of rotations computed using these formulae with experimental data are sufficiently good as to encourage a much more extensive investigation which is to be conducted by others [1] . It is expected that the formulae will prove very useful to orthopaedic surgeons.
